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DIRECT PRODUCTS AND THE CONTRAVARIANT
HOM-FUNCTOR
SIMION BREAZ
Abstract. We prove in ZFC that if G is a (right) R-module such that the
groups HomR(
∏
i∈I
Gi, G) and
∏
i∈I
HomR(Gi, G) are naturally isomorphic
for all families of R-modules (Gi)i∈I then G = 0. The result is valid even we
restrict to families such that Gi ∼= G for all i ∈ I.
1. Introduction
It is well known that if C is a category and G is an object in C then the hom-
functors HomC(−, G) and HomC(G,−), from C into the category of sets, are very
useful tools. For instance, the universal property of a direct product can be de-
scribed by the fact that all covariant hom-functors HomC(G,−) preserve direct
products, [6, pp.70 and 117]: for any G and any family F = (Gi)i∈I of objects in
C such that there exists the (direct) product
∏
i∈I Gi, there is natural bijection
ΦF : HomC(G,
∏
i∈I
Gi)→
∏
i∈I
HomC(G,Gi).
If C has a null object (e.g. C is the category of pointed sets, of groups, of pointed
spaces or a category of modules) there are also canonical maps ui : Gi →
∏
i∈I Gi
for all i ∈ I. The family ui = HomR(ui, G), i ∈ I, induces a natural homomorphism
ΨF : HomC(
∏
i∈I
Gi, G)→
∏
i∈I
HomC(Gi, G).
It is easy to see that in general ΨF is not a bijection (e.g. for pointed sets or for
vector spaces), and it is a natural question whether we can add conditions on G
such that the induced maps ΨF are isomorphisms for all families F .
In the following we will prove (in ZFC) that for module categories the only
condition we can put is the trivial one, G = 0. This result is valid even if we
restrict to all families F which consists in modules which are isomorphic copies of
G. A similar theorem was proved for abelian groups by Goldsmith and Kolman in
[5, Theorem 3.3] under an additional set theoretic hypothesis (there exists a strongly
compact cardinal), and our result provides an answer to the questions from the end
of [5]: Does ZFC suffice to prove that for every non-zero abelian group G there is
a family (Gi)i∈I of abelian groups (eventually with Gi ∼= G for all i ∈ I) such that
Hom(
∏
i∈I Gi, G) and
∏
i∈I Hom(Gi, G) are not isomorphic?
The answer presented here is satisfactory since other commuting properties of
hom-functors are studied only in similar settings. For instance the main char-
acterizations for (self-)small modules (see [1, Proposition 1.1]), using ascending
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chains of submodules, are given for the hypothesis that the natural homomorphism⊕
i∈I HomR(G,Gi) → HomR(G,
⊕
i∈I Gi) is an isomorphism, while slender mod-
ules are characterized in a similar way in [2, Corollary III.1.5].
2. Modules, G, such that Hom(−, G) preserves direct products
Let R be a unital ring, G an R-module and F = (Gi)i∈I a family of modules.
As before, we denote by ui : Gi →
∏
i∈I Gi the canonical injections and by
ΨF : HomR(
∏
i∈I
Gi, G)→
∏
i∈I
HomR(Gi, G)
the natural homomorphism induced by the family ui = HomR(ui, G), i ∈ I. Fol-
lowing the terminology used in [5], we say that G is naturally cosmall if ΨF is an
isomorphism for all families F . If ΨF is an isomorphism for all families F which
consist of isomorphic copies of G, then G is called naturally self-cosmall. We will
prove that the only naturally self-cosmall module (hence the only naturally cosmall
module) is the trivial module 0. In order to do this we start with a technical lemma.
Lemma 1. Let G be an R-module. If F = (Gi)i∈I is a family of R-modules,
ϕ :
⊕
i∈I Gi →
∏
i∈I Gi is the natural homomorphism and
ΥF : HomR(
⊕
i∈I
Gi, G)→
∏
i∈I
HomR(Gi, G)
is the natural isomorphism induced by the canonical injections vi : Gi →
⊕
i∈I Gi,
then
ΨF = ΥF HomR(ϕ,G).
Proof. Let pii :
∏
i∈I HomR(Gi, G) → HomR(Gi, G) be the canonical projections.
The standard proof, [3, Theorem 43.1], of the isomorphism HomR(
⊕
i∈I Gi, G)
∼=∏
i∈I HomR(Gi, G) shows that HomR(vi, G) = piiΥF for all i ∈ I.
Similarly, Hom(ui, G) = piiΨF . Now ϕvi = ui, so that, Hom(vi, G)Hom(ϕ,G) =
Hom(ui, G), that is, piiΥF Hom(ϕ,G) = piiΨF for all i ∈ I. The conclusion follows
immediately. 
Theorem 2. The following are equivalent for a module G:
(1) G is naturally cosmall;
(2) G is a naturally self-cosmall module;
(3) G = 0.
Proof. Only (2)⇒(3) requires a proof. Let G be a naturally self-cosmall module.
For every cardinal λ we consider the canonical exact sequence
0→ G(λ)
ϕ
→ Gλ → Gλ/G(λ) → 0.
Applying the previous lemma, it follows that HomR(ϕ,G) is an isomorphism, hence
the exactness of these sequences are preserved if we apply the functor HomR(−, G).
Then G is pure-injective as a consequence of [4, 1.2.19(e)].
Moreover, HomR(G
λ/G(λ), G) = 0 for all λ and we will prove that this is possible
only if G = 0.
Fix λ an infinite ordinal. We observe that the set H = {(g)κ<λ | g ∈ G} of
constant functions
λ = {κ | κ < λ} → G, κ 7→ g,
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is a submodule in Gλ, and we claim that (H +G(λ))/G(λ) is pure in Gλ/G(λ). In
order to prove this claim we consider a system of equations
(S)
k∑
j=1
aijX
j = (gi)κ<λ +G
(λ), i = 1, . . . , n, aij ∈ R, (g
i)κ<λ ∈ H, n, k ∈ N,
in Gλ/G(λ). Suppose that the tuple(
x1 = (x1κ)κ<λ +G
(λ), . . . , xk = (xkκ)κ<λ +G
(λ)
)
represents a solution for (S) in Gλ/G(λ). Then for every i = 1, . . . , n the equalities
k∑
j=1
aijx
j
κ = g
i
hold for almost all κ < λ. It follows that there is ν < λ such that the constant
functions
y1 = (x1ν)κ<λ, . . . , y
k = (xkν)κ<λ ∈ G
λ
satisfy the equalities
∑k
j=1 aijy
j = (gi)κ<λ for all i = 1, . . . , n. Then the tuple(
y1 +G(λ), . . . , yk +G(λ)
)
represents a solution for S in (H +G(λ))/G(λ).
Therefore (H + G(λ))/G(λ) ∼= G is pure in Gλ/G(λ). But G is pure-injective,
hence (H +G(λ))/G(λ) is a direct summand in Gλ/G(λ).
If we suppose G 6= 0 we obtain HomR(G
λ/G(λ), G) 6= 0, a contradiction. 
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